
FINAL REPORT 

FURTHER STUDIES OF A TRUSSED-WEB GIRDER COMPOSED OF 
REINFORCED PLASTICS 

by 

Fred Co McCormick 
Faculty Research Engineer 

Virginia Highway & Transportation, Research Council_ 
and 

Professor of Civil Engineering 
University of Virginia 

and 

Husamettin Aiper 
Gr•aduate Research Assistant 

(The ,opinions, findings, and conclusions expressed in this 
report are ho,•e of rbe authors and not n, eeessa•i• •hcae 

the sponsor•ing agencies°) 

Virginia Highway & Transpomtation Research Cmunc:i 
Cooperative 0•ganization Sponsored Jointly by the Virginia 

Department of Highways • Tr•ansportarion and 
the University of Virginia) 

Cha•letteevi] le, •r g•n•a 

Novembe• ],975 
VHTRC 76-R16 





SUMMARY 

Three single section and one trisection girder, s eight feet 
long were fabricated and load tested to determine the deflection, 
strain, and creep characteristics of the members. One specimen 
fabricated with stranded elements composed of Kevlar 49 instead 
of glass exhibited impmoved stiffness properties. The maximum 
load applied to a specimen was 600 psf uniformly distributed 
over the top plate, which caused failure of the top stiffener 
joints. A ratio of 107 for live load to dead weight was obtained 
in this test. Partial loading of the girder caused elastic 
buckling of some web elements. Analytical studles showed that 
buckling could be prevented by the addiction of dead weight as a 

concrete slab on the top plate° A center span deflection c•eep 
test at a load of IS0 psf indicated a secondary creep rate of 
0•03 inch/year, with a termination of primary creep after 30 days° 

The test specimens just met the center span deflection re- quirements of AASHT0 for an 85 psf live ioad• 

Computations for strains and deflections base• on elastic 
stmain-energy theories were 20% and 30% higher than experimental 
values for deflections and strains, respectively° Partial loading 
tests verified the application of the principle of superposition 
in the analytical procedures. 

It is recommended that a field study of a prototype pedestrian 
bridge be conducted to extend the findings of the laboratory studies° 
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INTRODUCTION 

The investigations conducted in this puoject were exten- 
sions and modificaticns of studies completed in June 1974 and 
described in a final report by McCormicko (I) The earlier study 
indicated l:he relationship between a theoretical stress analysis 
and experimental test results and provided performance character- 
istics for laboratory specimens when load tested° In addition, 
the previous work provided ins•ght for fabrication procedures 
and utilization of reinforced plastics for primary structural 
components. 

The current project extended from June I, 1974 tc October i, 
1975. All. experimental and analytical work was focused upon the 
same geometric configuration used in the previous studies° Figure 1 
shows the principal features of a typical test specimen° A de- 
tailed descmiption of modifications to the member is included in 
a subsequent section° The major effort was directed toward the 
fabrication, testing, and analysis of a multisection test specimen 
composed of three similar, units joined at their top flanges by a 
glass •einfomced plastic (GRP) cover plate° Other single speci- 
men investigations included creep and fatigue tests° 



/ 
/ 

Figure !o Typical test specimen of a single unit:, 
triangular trussed girder° 

OBJECTIVES 

The specific work objectives are listed below in two cate- 
gories: those growing out of v• pre •us work and those involving 
expanded investigations° 

A. Continuing Investigations 

Revise the top plate assembly to improve the 
strength development of the f!exural member. 

Study the fle×ura! creep behavior of typical. 
test specimens, 

Study the geometric co.nfigurations of the 
member in an effort to optimize the dimensional 
relationships of the triangular trussed girder 
(TTG) ar•angemento 

Bo Expanded Investigations 

Survey the fatigue characteristics of re- 
inforced resin materials systems in typical 
highway service conditions° 



Fabricate, test, and analyze a multisection 
TTG specimen with modifications from previous 
design concepts as suggested by the findings 
from the previous investigation and the program 
outlined in A above° 

Expand contacts and discussions with manufacturing 
mepresentatives relative to production costs and 
fabrication techniques° 

Provide recommendations for the feasibility of a 
modest field installation and study of an experi- 
mental bridge composed of r, einforced plastics. 

The achievement of these objectives is described along with 
pertinent findings and recommendations in the sections which follow° 

MODIFICATIONS IN JOINTS AND ELEMENTS 

Revisions to Top Plate and Stiffener Connections 

The successful performance of the top plate connection for 
the triangular trussed gi•de• (TTG) specimen number 5 (see Figure 2) 
was •eported previously° However, it was •ecognized that several 
i•efficiencies existed in this connection due to •he sequential 
assembly steps require@ for complete fabrication• Therefore, as 

a first effort in this study, the top plate connection at each 
panel point was modified as shown in Figure 3• The addi<iion of 
one bolt through the top plate and transverse stiffener tube 
eliminated the w•aparound strands of roving which attached the 
plate and channel° Also, the use of a small steel pin at the joi•I 
between the web stiffener and the transverse tube eliminated anovher 
group of glass strands connecting these elements• The sizes of the 
steel bolts and pins shown were used for convenience onlyo A non- 
corrosive metal or nonmetallic material could be used for these 
mechanical connectoms equally as wello Prior to installation of the 
bolt, the top plate was bonded to the t•ansverse tube with poly- 
ester resin° No resin was used in the connection for the tubes• 



cover plate 

.• • 3/16" flan•e Dl•t "tb •.• d/xo' •tange pta e wl sawe• grooves •i••l•••, • • •i• stands 

••/ 5 strands glass roving to provide 
5 strands glass •/ s•ffener s•pport- 
channels to plate 7/8" square rod stiffener 

L • 

Figure 2. Top-flange assembly details of specimen TTG-5. 

//•_ ¼" countersunk bolt •" .•-•-•-- ¼" top plate • ••-- 
1½" square transverse tube 

0. ll".steel pin _// • 1" square stiffener tube 

Figure 3. Modified connection at top plate of TTG-7. 
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Revisions to Stiffening Elements 

Both the top plate and web stiffeners were changed in the 
fabrication of TTG-7 f•om those used in previous specimens° Fig- 
u•e 2 shows the original design used for TTG-5 and Figure 3 shows 
details of TTG-7o Glass reinforced tubes with I/8-inch wall 
thickness were fom the stiffeners in TTG-7 with some decrease in 
the cross sectional, area. In addition, the necessity for pre- 
cision machining of mating parts was eliminated with the use 
of the supplementary mechanical fastene•s• 

Attachment of Stiffeners to Lowe• Chord 

A tee-shaped insert was designed and fabricated to attach 
the two web stiffeners together at the lowe• pane], point° The 
inse•t also provided a bmidge between the two stiffeners on which 
the strands of the lower chord were bui!< up (see Figure 
The shape of the insert detailed in Figure 4b was obtained by 
cast•ng polyester resin in an aluminum mold •hich had been 
loosely packed with glass mat •o p•ovide reinforcement• Soit- 
able lengths were cut to slip •nto the open ends of the stiffener 
tubes• 



Insert and portion of lower chord and stiffener. 

3/4" 

// /•-- Inside wall of stiffener tube 

(b) Details of cross section 

Figure 4. Insert for connecting stiffeners at lower chord positions. 
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FEREORHANCE 0£ HODIFIED TEST SPECIMENS 

Fab•icaticn 

Specime• T?@-7 was fabricated with the modlf•cat•cns 
descr.ibed •_n *he proceeding section and with width and depth 
dimensions of 16 and 1 ; inches, respectively° The weight of 
this member was 36.1 pounds. The addition of a bonded cove• 
plate l:•-inch thick increased tb•- weight tc •9•5 pounds• 
the fabrication of t•e girder, the •ran•ver•e plate stiffeners 
were attached tc the top plate and the a•sembiy :-hen was mcun•ed 
on an eizht-foot long p ywo@d mandrel by means of screws• Ve•ti- 
cai s•ffeners were attached to the plate stiffeners as shown 
Figure 3 and also anchoped %o the mandr.el with a single screw. 
The lower shord i•sests were then installed as show< it" Figure •a 
and manual winding of the lower chord and web elements was •om- 
p!eted in approximately two hours. {See Figure 5•} The 
assembly and winding time for FTG-7 •as apzroximateiy the same 

as that fo TTG-5 and 6• Howeve• •, the modification made for 
TTG-7 permitYed bet<e• scheduling of -•he assembly s<•ep• and 
e!im;•nated one ppe!•m•nary winding step• It was :herefo•e 
considered %0 be an improvement over the pr•cedure:• used pr•ev•ous!y• 
[n addition, <he use of <ubula• vertical stiffeners v•th larger 
dimensions •mpyoved the space requirements fo• strands during the 
winding opera:•on•. Following a resi• curing period of several 
days at room temperature, eight s%•ain gages were bonded 
!cote4 web anJ chord e!emen•s• •ubsequently, a !/•-inch thic• 
GRF cove• plate was bonded <c the top plate •, finally, a con- 
c•ete slab i !•8-:nches th•c• was cast on rbe co•e• 
ExceLlent adhes•o• •f the conc•:ete to the c•ue• p•a:e •as achleved 
by means of an expo•y ad•esi e {5:•adur Hi-Mod, manu•ac•ure4• by 
S!KA Chemical Ccnpo•aticn, Lyndhurst• New 5e•sey} ap•iled <o the 
plate 3ust p•ior <c piac<ng the concrete: 0•heu manerials use£ 
in the fabrication of •he girde• •est spec:men• were as fc•lows: 

Glass f:ber reinforcing, Type 30, E-glass •o•qng, 
maKufactured by Owens Coming Fiberglass Co<•po•a-•:.on• 

Polyester- •esi.:• 9036 {wfth HEK pero×ide catalyst) 
with a gel time cf about eS minutes and room 
temperature cure, manufactured by NorTh American 
Rockwell Company 

P•efabri_cated plates and shapes of EXTREN 500, 
manufactured by Horri•son Molded F•be: Glass 
Company° 

Specimen TTG-9 was fabricated exactly as TTG-7 w:th <he 
exceptlc< <hat an o•ganic syn<he<ffc fiher• Nevlar ,•9, manufactured 
by the E• i. DuRon: Company •as used in place of glass roving for 



the web and lower chord elements• The cross sectlonal areas 
of both members are the same° The strand area-to-density 
ratio of glass-to-Kevlam 49 was io06• so the weight of TTG-9 
without the c•ver plate was 36.0 pounds. The tensile modulus 
of elasticity of Kevlar 49 is approximately twice that of the 
glass, so an improvement was anticipated in the overall stiff- 
ness characteristics of the member •. 

Figure 5o Winding impregnated glass roving to form 
lower chord and web diagonals of TTG-7o 
Plywood mandrel was rotated manua]iyo 

Load Tests 

A se•ies of uniformly distributed loads were applied through 
an air bag to the top plate of the members to observe the strain 
and deflection behavior of the specimens° Details of the instru- 
mentation and loading equipment are described in Appendix A• 
Static ]cads applied to TTG-7 were as follows: 

As fabricated to 225 psf 
With unbonded cover plate to 263 psf 
With bonded cove• plate to 600 psf 
With bonded concrete slab to 263 psf 



Following the static load sequence• cyeii. ioads were applied 
tc /be specimen wi•h =he bonded c©norete slab fo• a total of 
•07•000 cycles. The magnitude• of cyclic i ads varied 
due +_<< the per.formance cf the loading equipment• but in gene•al, 
•hey •nged from a minimum •f 108 •o a maximum of I•8 p•f• The 
load •ate Panged from !! •c 15 cycles per minu•e• ir was 
to vary the load from the desigr value of ]00 psf to twice 
value, but <he performance of •he equipment prevente• this° 

Specimen TT@-9 was coded to 225 psf with a uniformly 
dlstr•ibuted load wi=hou< dama•e• No furthe• rests •^,ePe scnduc:ed 

[ailu;•e H.•de• 

The • tlmate stxength of T•G-7 was tea<bed at a star_s Load 

otbep:• of the same size •-d the membe• 

<he spot,me: durk<8 %he first !cad cy ]e• A second failure cf the 

good contac< when •h• •cin< wa• formed: Appa•en•iy a c•ack 

Spec•m,•-n TT@-9 was not loaded tca faiiupe point. 

•seP•menta! Deflect'ion Measurements 

•ertical deflections due Is static loads •e•,.e measured with 
mechan_ca.L dial. •ndicators Zocated at fi<e lowe• panel pclnrs•. 
The data for. the deflection of <be center pan•! poin• are shown 
•-< Figure 5 for some of the load cendi=ions fc• TT@-7 and TT6-9•. 
A sim•iaP def!ec•icn curve is shown fo•- TTG-} for compar•s<:n wAtb 
the perfosmance of •be members before struc•urai modifications 
were made• The s•cpes of *he •urve6 indicate siigh% p•og•ie•s!ye 
{mpro<emen< •n tbp cve•a;•! girder deflection as •he •op flange 
wa• •tiffened by the use of a cover plate• •he concrete slab, and 



• Ion elements, The :.ineapity oZ T:he !ca.d- 
deflec, ticn relationship shown by !°he p!c•!•ed data is •.yp•o-Ta• 
of the behavior ,•*• <he member-• The linea• defoPmat;ior, property 

y • repeated was also rerained by the member afrer, many c.c•_= 

.•_.•. Def•ni•ve cbser, va•:icrs were not: made cf the complete 
f•e•t 

.... an eye.sight): but it was load-deflection hy•t-=•[s • { < as 
obsepved that <:he dial •nd•- •'• did Pe 

zePo r, eadin• immediatoly up•m %he <•m• •-• 

a period of relaxation (up :c 2• hours • hcwever <he lesiduai 
deflections appeared to •isappear The =•e• 

•. 
pe of 

curwe for specimen TT@-5 fsee• Eizuse ?• indi,cate• tha% the 
modif!cations made •o TT@-7 desraded the sriffnes, s charaeterisr[r• 
of the svepall membe<- Data from deflection indica=o• 
at •-• pane '.• points confirmed a proporticna<•ely 8reaYer: de- 
f!ection throughout TTG-? •h•n !:n !TG-5• A specific reap:on f,cr 
i•he •e!a•fve behav•ops of the two specimens canno• be offered at 

tr, uly -r,• 
• 

9e e,• more i•-pl•e 
of t:he •h,_.•.•.•-stiffene• assembly chan o<curr '=•_ in T•<-=•_•_ due 
c:ver, w:rapped. •-+• •:tene_•= • and pi_ate•' The cent:e•)line def! •', r, 
TTG-9. w•s 75%_. that c v• •m•,=•_,•. Th•__• •mpro ement was s, ig•"•<,an 
iR •ha: the •=,'•-,r •9 ccnszi•u•ed only < •:% by weight <f 
member Extensive use of •this mateP•a however, 
against a current cost ratio of R0 for Ke:3ap •9 t:,c E-8iass rovins• 

specified by AASHTO (2) 
•s supe•:imp<sed in Fig•.•re 6• Based c• the 

iaboPa•ory specimens and zest data• specimen TTG-'7 with a c3ve• 
pia<e and' TTG-9 w•x_:hou: a cove• plate w:tul.d meet the pecu•re- 
ments fbr an 85 psi ii•e load• 
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Figure 6. Centerline deflection of girders with uniformly 
distributed load. 
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Experimental Strain H•< =r 

Measurements cf unit •*•ra•ns • =•cng the axial d•r:ections" of 
selected tension elements w-•r• made d • 

• 
<<he set:leo ,•< loads 

descEibed fo• the deflection measur-ements• The measur.ed strains 
may be tmansfommed directly to unit stresses by m•<*•-•=•.•,• by 
the tensile modulus • •, x !0 6 psi• 

Figure 7 presents the icad-st•ess results fom specimen. 
TTG-?o The relationship was typically iinea• as demonstrated by 
the points plotted for the best fit curves cf gages 4, 5, 6 and 8o 
The data indicat:ed a pronounced change in •he slope cf the cut.yes 
at a load of 800 psf This change was obser ed with repeated 
tests. The cause of this behavic• is no< k•own p•eciseiy, but 
may have been due to a change in the restraint conditions 
joint or at the end suppomto Theo•eticai!y, the strain in gage 8 
should be zero, based on small displacement and •oiler •ppor•t assumptions° The indicated strain is beiie•ed to h•..e resulted 
from frict•ona! •estra•nt of •he end stiffeners in the •upports, from reaction forces ge•_erated by strands an•hcoed f%cm <he ad- jacent panel, or from • combination of all effecrs• 

Ideal!y• all of the ioad-st•ain curves should be ccrncident 
in Figure 7 in order fcr each element to be s<res•ed equally° Fhe 
close grouping of the web-element strains {gage<• ], 2 and •) repre- 
sents an efficient use of the material in •hese elements and •s 
p•obably about as effective as •i]l be pos•ible g•<en the design 
and fabrication procedu=es u•ed Ne£•he• the g•o•ping nor pe•a 
tire positions of %he curves for gages 4, 5 a•,d 6 are considered 
to be good, A sl•ghz modification of the windirg sequence of the roving str-ands should pro•ide considerable improvement in the 
szress development in the •;arious elemen=e• 

Figure 8 shows the effect of the •a•:io•.•s cover plates upon 
the strains in the most highly strained element (gage • of TTG-7o 
The performance of the same web elements in specimens TTG-• and 
TTG-9 are also compared with •hese effects• The slopes of the 
load-strain curves a•e r•eco•ded to provi4e a quantitative measure 
of differences in the strain effects° From the five cur•;es shown, 
the strain was the greatest in TTG-7 with the bonded cover plate 
and +h= ].east in •.• • with the concre<•e slab0 Using the dif- 
femences in slopes as a basis• the tests ip.dica•ed that there 
was a strain improvement of •8% with the addition of the con- 
cr•ete slab to TTG-7• •1% with !he substitution of Kevlar for 
glass rovlng• and 6% with <he joint configuration of TTG-5• 
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Stress Considera•tions and Safety Factors 

As stated previously, the ultimate strength of TTG-7 was 
determined by excessive joint deformation due to bending of steel 
pins connecting the stiffeners° Figure 7 graphically compares 
the ultimate load of 600 psf with the load requirement of 85 psf 
by AASHT0o This load ratio provides a safety factor of 7o The 
calculated stress in the most highly strained element (gage 3) 
was •,480 psi at the 85 psf load level° This stress provides a 

safety factor of 27 based on an assumed ultimate stress of I00,000 
psi fo• the glass strands° The highest calculated stress was 

85,000 psi (gage 3) when the load test was terminated° There- 
fore, no determination of the actual in-place strength of the 
tension strands was made during the series of static load tests° 
However, at the conclusion of the cyclic load test of TTG-7: 
broken fibers were observed where web strands passed over the 
lower edge of a stiffener• These fibers obviously had been cut 
by the sharp edge of the stiffene• as the member, underwent 
repetitive displacements° 

Comparison of Analytical and Experimentai •esuits fc• T'TG-7 

Method of Analysis 

Computations were made for strains in the tr'uss elements 
and for displacements at the joints based on linear elastic strain.- 
energy theory° The solution provided fo•: three-dlmensional t•ans- 
lation of joints, axial strains in the truss elements, and berding 
of the top plates, Direct application was made of elastic con- 

stants determined f•cm !abcratory tests for the various matemials 
•.•n•ss matssces were used tc adapt the 

solution by a digital, computer° A detailed •esc•ption of the 
computational procedure and computer program are included in 
Appendix Ao 

Comparison ,of Deflections 

Figure 9 shows a 
comparison between the analytical and 

experimental results of the vertical deflections at the center!ine 
of the span of TTG-7 with a bonded cover plate and a concrete slabo 
The results in Figure 9 are within anticipated performance in view 
of the unknown stiffness characteristics of the actual joints, 
some uncertainty in the elastic constants ©f the materials, and 
the assumed restraint conditions of the supports during testing° 
No effort was made to adjus• the "fit" relationship of the theo- 
retical solution with the experimental data by use of empir•ca! 



constants or other devices• Additional performance experience 
with this type of structural member may justify future modi- 
fication of the •n•ysis to account for unknown factors and to 
provide a better prediction of behavior for design considerations. 
It should be noted that the predicted deflections for the member 
with the cover plate only weme greater than those measured expel.i- 
mentally. This result woui• suggest that the joints exhibited 
some degree of rigidity during the load test in contrast with 
the assumed pinned conditions. 

Comparison of Strains 

Figure I0 shows a comp•Pi•on between the analytical and 
experimental strains in the most highly strained •ension element. 
Similar comparisons were studied for the other web and lower chord 
elements° Deviations ranged f•om 20% to 28% for these elements, 
which values are larger than those shown in Figure i0• As in the 
case of the deflections, the cus•;es shown in Figure 1.0 were un- adjusted. Agreement of the strain data was not as close as for 
the deflection data and perhaps should be considered unacceptable° 
However, the predicted strain values for all elements 

were greater 
than the corresponding measuscd values, which would res•:!t in a 
somewhat conservative design if used directly for sizing the 
areas of elements° It should also be noted that the stiffness 
characteristics (defilections) of the girder would undoubtedly 
control the size of the elements of the member° Therefore, the 
development of lower than predicted strains (and proportionately, 
stresses•] wou:d impPc•e the reserve strength cf the member and, 
as long as economic considerations were not exceeded, should 
enhance ÷• ]• <•_:e overa_• per, formance cf the girder. 
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FLEXURAL CREEP BEHAVIOR OF GIRDER TTG-6 

Flexural creep data were obtained from a single specimen 
(TTG-6) fabricated with the top plate joint configuration shown 
in Figure 2. The specimen alone weighed 50 pounds and was loaded 
with a total of ],200 pounds of dead weight distributed to the top 
plate through an air bag for an equivalent uniform load of 150 psi. 
This loading represents a 50% overload based on a design load of 
].00 psi and was applied to increase the creep rate• Figume ii 
shows the specimen unde• load in a room in which the temperature 
was 74 ° • 2 ° F over the test period° Measurements were made of 
vertical displacements at three panel points and strains in 
selected elements° 

Figure Ii. Cr•eep test of TTG-6 loaded to 150 psfo 

All deflections were measured with mechanical dial indicators 
and strains were measured with bonded electrical resistance gages. 
The 1,200-pound load •emained undisturbed on the specimen for a 
period of 95 days. 

Figure 12 presents the deflection data for the center panel 
point and shows the location of the various gages on the specimen° 
Except for the elastic deflection values for dial gages 2 and 3, 
which were smal!e•, the incremental increases of deflection with 
time, including the range of scatter, were essentially the same 

as those for the center gage° These data indicate that all of 

]8 



the panel points displaced downward the same amount and at the 
same rate• This indication would imply either a continual re- 
distribution of stresses among the elements• which equalized 
deformations• or that all of the creep deformation occurred 
within the end panels° This performance was not anticipated 
even though the strain gages indicated that the diagonals in 
the end panels were the most highly stressed elements° No 
satisfactory explanation can be offered fox the magnitude of 
the scatter of the deflection data° Room temperatures were 
monitored with the thought that thermal: variations might cause 

reverse movement of the dial indicators, but no correlations 
could be established between the deflection readings and the 
slight temperature fluctuations which occurred° 

Unfortunately, the strain data offered little clarification 
of the deflection behavior, because the strain indicator ceased 
to function after five days into the test program° Because of 
the nature of the indicator malfunction, all cf the data must 
be considered suspect° Nevertheless, the data indicated that 
there was a s•ress relaxation (of approximately 2.5%) in the 
lower chord elements of the center panels and increasing strains 
in both diagonals, the greater (6°8%) occurring at gage location Io 
The deflection recovery characteristics of the member appeared 
quite good° Essentially all of the elastic displacemen• was re- 
covered and approximately one-half of the creep after a period 
of 27 days° 

Should further study conf•rm that nearly all of the flexural 
creep deformation occurs in the end panels, the size of the diag- 
onals in these panels can be increased to offser the iong-te•m 
creep effects. It should be noted that the highest elastic stress 
computed from strain measurements was approximately 9,080 psi in 
the end panel diagona]o If the ra•e of creep shown •n the sec- 
ondary region remained constant, a deflection cf approximately 
0°3 inch would occu• in ten years. The effect of the movement 
of joints was an unknown factor and may have contributed signifi- 
cantly to the overall deflections° Additional observations of 
the creep phenomena would be required to fully characterize the 
anticipated behavior of the girder° The load-creep relationship 
would be of particular interest to obtain performance data at 
anticipated service loads. 
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PERFORMANCE OF TRISECTIONAL STRUCTURE (TTG-8) 

Fabrication 

A test specimen consisting of three members identical to 
those of TTG-7 was fabricated and designated. TTG-8. A single 
cover plate 4 feet wide by 8 feet long by 1/4 inch thick was 
bonded simultaneously to the top plates of the individual girders 
to provide a connection for the three units° No other lateral 
connections were made to tie the units tozether since it was 
intended to observe the independent action of each girder under 
different load arrangements° 

No particular problems were encountered during the fabrica- 
tion of the total structure. The surfaces of mating plates were 

sanded, cleaned with affcohol, and coated with the polyester resin 
used in the winding operation° In order, to apply pressure normal 
to the top plates of the girders without deflecting the members, 
the cover plate was placed on a resilient support and the girder 
plates bonded with the girders in an inverted posfftiono Pressures 
of unknown magnitudes were obtained by dead weights placed at 
various points over the structure (see Figure 13)o Visual in- 
spection of the joint before and after load testing revealed no 
defects. No other inspection methods (eog•, ultrasonic) were 
used to evaluate the continuity of the bonded joint• Figure 14 
is an oblique view of the completed three-sectioned structure 
prior to load testing° 

Figure 13. Joining procedure for bonding the cover plate 
and top plates of TTG-8o 
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Figure 14. 0b]ique view of TTG-8 show±ng completed 
structure prio• to testing• 

LoadTests 

Load tests were conducted with TTG-8 in the same manner as 
described previously for other test spec•mens• Strain and de- 
flection instrumentation was arranged to facilitate data production 
by utilizing the geometric symmetry of the structure° Accordingly, 
17 bonded stra£n gages, 9 vertical deflection indicators, and ? 
horizontal deflection indicators were used for displacement meas- 
urements• The locations of the strain gages and dial indicators 
are shown in Figure 15o 

•ertical static loads only were applied to the top pilate 
during the test series° The various load arrangements were as 
follows: 

Uniformly d•stributed load ove• one edge section 
only. 

Uniformly distributed load o•_r• e the two edge sections 
onlyo 

Un•form±y distributed load over the center section 
onlyo 

4o Uniformly distributed load over the entire surface° 
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Uniformly distributed load over the two-end 
panel• on both ends of the structure. 

Line load (4 inches wide) transversely across 
the structure at the centerspan0 

Line load (4 inches wide) transversely across 
the member at the second panel position on one 
end onlyo 

It was necessary to use two air bags to cover the entire 
surface of the structure for load arrangement 4o However, due 
to the curvature of the inflated bag, a 9-inch wide strip along 
the centerline of the structure was not in contact with the bags° 
Therefore, the conditions of a uniformly distributed load over 
the entire surface was not actually achieved for load amrange- 
ment 4o F•gure •6 shows a typica• un±form load test in progress. 

Strain gages shown as 
[] Dial indicators 

shown as 
O 

Figure 15o Schematic plan of TTG-8 showing positions 
of indicators and gages° 
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Figure 16o Typical load test o• TTG-8 using an air bag to 
provide a uniformly distributed ioad• 

Failure Mode {Buckling of Web Elementls] 

No u!tzmate Ic:,ad was determined fox TTG-8, A maximum total. 
]oa• of 3•200 pounds was distributed o•er the entire surface for 
an equlva]•ent uniform load of ]00 psfo A mawimum unit !cad of 
210 psi was applied fc• the condition of the center section only 
being ioaded• Higher, loads were not app]ie4 to p•event posslble 
damage to elements before all in<•estigat•ons were comp!eted• No 
damage nc• •4<•.•=< •,• any kin@ was observed • any of The joints 
o• elements, but several loud c•acks we•e heard as the higher, ioads 

were •eached• 

Ncnsymmetriea! loading of the structure cause• elastic buckling 
of some of the diagonal elements at re!at•vely low loads• This be- 
havior was expected due • ..... he r, eve•sai of the panel shear force 
for loads extending only partlaily over the end panels,• When a 
single edge section was loaded, buckling of some elements was ob- 
served in the unloaded edge section° This behavior suggested the 
presence of torsional moments tr•ansmitted through the cover plate. 
The buckling observations ar•e discussed further in the analytical 
section° Whiie •nd•catmve of a condition of instability, all 
evidence of buckling •isappea•ed upon removal of the load and dld 
not impair •he performance of the structure •n subsequent tests• 



Experimental Deflection Measurements 

Vertical Deflections 

Vertical deflections of lower panel points were made at 
the positions shown as L and V in Figure !5 for the various load 
arrangements listed p•eviouslyo Comparative deflection data axe 
shown in Figume 17 for foum of the loading conditions applied 
over the indicated sections for the full length of the member° 
Figure 17(a) compares the deflections of the loaded section or. 
sections with those of the unloaded section or sections at the 
center panel points (V? o• V•) and at the second interior panel 
(VI or V3)o Figume 17(b) shows the deflection profile for the 
center panel points for the three sections° All of the data 
shown are for deflections of the •ndlcated panels relative tc 
the corresponding first panel points (LI and RI o• L? and R2)• 
Relative deflections were shown to eliminate the effect of 
settlement of the ends of' the structure in •he supports. The 
actual net deflections were therefore somewha• larger than the 
va.•ues shown in Figure 17o Efforts were made to moni•o• movemen• 
at the supports, bu• most of the obsemvations were not considered 
r•e!iable. In genena], the measured defiec•:ions were linear with 
the magnitude of applied loads. Data will be presented to ind,.care 
this ]inearity in the following section which describes the ana= 
lyrical study• 

Several interesting behavioral characteristics were reveai!ed 
by the deflection measur'ementso 

The inability of the cover plate to rransmlt 
loads from the loaded to the unloaded section 
may be deduced by observing that the deflec•t•ons 
of the loaded sections for load arrangements 
and 3 were very nea•ly the same• This result 
indicates that the cove• plate had little 
t•ansfer effect and t•at the sections behaved 
almost independently .of each other, even though 
the total load on the structure fo• arrangement 
2 was twice that for arrangements i or Bo Ob- 
viously, the effectiveness of the cover plate in 
transfemring loads f•om one section to anothe• 
would vamy with the stiffness of the plate, and 
in the case of a b•idge deck with a concrete 
wearing surface several •nches thick, better trans- 
fer chamacte•istics should be developed° 
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The sensitivity of the structure to load distribu- 
tions was apparent from arrangement 4. As stated 
previously, there was a separation of the air bags 
at the center of the middle section which amounted 
to approximately one-half of the width of the section° 
Therefore, the s•milamity in the shapes of curves 2 
and 4 in Figure 17(b) wherein the center section 
deflected less than the edge sections, was to be 
expected° Figure 17(a) indicates that the reduced 
deflection of the cente• section occurred along the 
entire length of the structure• It is also of interest 
that the total load on the structure was 50% more for 
arrangement 4 than for 2, but the deflections of the 
loaded sections of arrangement 4 were only 27% higher 
than those for 2. 

The principle of superposition appears to hold r.ea- 
sonably well when deflections due to combinations of 
load arrangement are used to check equivalent loading. 
For example, the sum of the loads fcr arrangements 2 
and 3 should equal that for arrangement 4o The sum 
of the deflections in the edge span due to 9 and 3 
equals 0.114 inch which compares favorably with 0ol0a 
inch due to 4o The center span comparisons are not 
as close due to the unloaded portion of the center 
section° Agreement between arrangements 1 and 2 is 
also good with deflections of 0°073 for 1 versus a 
value slightly greater than 0°082 for 2o (The un- 
loaded edge section deflection was not measured for 
arrangement i,) Verification of the applicability 
of superposition was considered important because this 
principle was used for the analytical study which will 
be discussed later° 

The presence of torsional couples, o• warping of the 
structure, due to unsymmetrical loading of ar•angement 
1 was suggested by the negative relative deflection •n 
the unloaded center section° The numerical value of 
the deflection was small and may have resulted from 
shifting of the dial indicator or an unusual movement 
of the support frames. However, if accurate, this 
behavior represents an undesirable characteristic and 
will be treated more fully in the discussion of the 
results of the analytical study. 

The structure responded to the symmetrical tmansverse loads 
as anticipated. •he uniformly distributed load over the four end 
panels produced very little differente in the relative deflections 
between the panel points discussed previously. The midspan line 
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load produced differential deflections along the length of the 
structure .and a net center span value cf 0o123 inch at a total 
load cf i•200 pounds• This value compames with a value of less 
than 0.i00 inch for a load of i00 psf distributed over the entire 
surface (3•200 pounds total.). The nonsymmeTrical transverse !1no 
load, placed at gage positions VI-V3 (Figure 15), caused buok!•ng 
of a numbem of web elements at loads of seve•ai hundr:ed po•nds• 

Horizontal Displacements 

The horizontal displacements of icwer chord panel points 
were measured at the positions shown as H! and 
The purpose cf these measurements was to ascertain the magnitude 
of the horizontal displacements which occurmed with load and to 
provide information relative to. <he need fo: lateral ties 
bridging between [ndividua• sect{cns• Results of The more inte•- 
erring of these measu<ements are shown in Flguse ]8• Mo•:ement 
of the edge section toward the center section was designated as 
minus and movement away from the cen<:e• section was designated 
as plus to correspond to the sign of The s:mess •hich would ex•£st 
in •ig•d lateral .csnnections {if used) between sections. 

The data shown aue absolute displacements an• it is p•esumed 
that there was no lateral movement of the center section for the 
symmetrical loads shown, The•efcme, •he linear displacements of 
the edge set=ions were due to notation of the section in •esponse 
to torsional couples s;ransmitted through t:he oove: plate° The 
dimection of the displacements confirmed {ntuitive p•edicTions, 
but the magnitude :sf the d;spiacements for load arrangement 4 was 

larger •han ant[cspated considering that •he ic•ad cs•ze•ed a pcutlon 
of the center sect£ono Even if seduced by one-Third to scrresponC 
to the total load applied for arrangement ?, the dispi•csmen:s 
would still about equal those for arrangement •o Considerable 
movement was obser:•ed for load arrangement 3, which emphasized 
the strong influence of The oouer plate in transmitting a Tors£cna• 
couple between sectlons, in comparing the vert]•cai and horizontal 
displacements for this loading (see Figure 17), it is noted ?hat 
the homizontal movement was approximately three times t:hat of the 
vertical° Time did not perm<t the installat•on of lateral con- 

nectors between the sections to investsgate the magnitude of 
forces requi•ed to prevent fmee horizontal movement of the sections° 
However, it appea•s that rigid ties may be required to maintain 
]atera! stability between the sections if heavies coves plates or 

weasing slabs are not effective in eliminating the horizontal move- 

ments. While s.evesa] efficient schemes for lateral restraint could 
be used, one would be to attach a thin plate TO the lower chords 
that would cover The enti•e bottom surface of the struct•;reo The 

use of a solid plate would also be desisab!e •n fie!8 installations 
to protect the small, stranded elements from possible vandalism, 
environmental vectors, nesting birds, and other sources of damage• 
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Figure 18. Horizontal displacements of edge section for various load 
arrangements. 
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E×pe•imental Strain Measurements 

In general, strains measured with the bonded electrical 
resistance gages were linear with load as shown for TTG-7 in 
Figure 7o The location of the gages as shown in Figure 15 
provided a check on the symmetry characteristics cf the structure 
and the load distribution, in general, the•e was good agreement 
between symmetrically located gages for applicable lead eo•diticnso 
A]! gages were mounted on tensile elements except ]5 and 16, which 
were mounted on the tubular stiffeners. Gage ]5 indicated small 
negative strains an4 gage 16 indicated nothlng. It is believed 
that these gages were subject to strains resulting from combined 
axial and bending srresses and therefore did not p•ovide a t•ue 
measure of the axlal st•,ains inve]uedo Futu•e dat:a f•om these 
gages will have to be c•rected for the fle×ural action cf the 
stiffeners• 

Figur.e 19 sh<.ws the s•a•n magnitudes ::f selected ei•ments 
for distributed Ioad• of !00 psi The cen •=• •wc bass in the f• 
are •-,•,• strains in web a•d chord e•em•m•=.•• • • fc• the ica•ed sec•-• 
and the oute• .... <• adiacen< uni.ca•ed 
sections, A ]• sect •'•< were • loaded fn ar•angemen* • ideaiiy• 
a•i •m=r*• {• the loaded •e.•.•/ons should be • •'n• a= equally 
achie•:,e z•eatest_• =ff{••e•• 

• 
_•f mater•al• <•sage• No attempt• was 

made to optimize the ar•a#e c•# e!emen<s •-'•.• str:ain in TTG-8, 
the meas•Lred stra#n d#fferences were not considered a design 
defi•ienoy fo• this =x • 

i <•,•: • a:•n• for some of •h .•cmbir:a- 
td•n.•<' {•-.•de •ma•cnably wail bu• some 4 •, •n particular., 
the st£:ain in gage I for ]sad arrangement 3 was irregular, 
due to horizontal ms•ement occurring near that gage pcsltio.n• This 
load test was •'• epe•=d •:•l][ "•imes with •he same disparsty ind" •-•= 

by g•e 1 in £i•ure 19. On <he other hand• <be sum c• <be 
f'•<• •a•e 0 from load •rr•an•emsnr•s }' _•<a• 3 {<•. •0•, •-inche•s w•i<h• 
companes fa•srably wz•h 660 u-inches read directly from load 
arr•angement •.• Comparison cf •:he ssper• reposed •<aiues •ersus the 
direct re.adlngs for <he .chor.d elements :for t-be same lead ar.sange- 
ments are in better agreement• i.e•, .•;4 • vessus 500 u-lnches 

• u-inches fo• gage gage I• and •15. versus • 

Compamisons cf strains between !cad a•r•angements ! and 
show the anticipated behavios of gage 12 (twice the strain 
twice the load) and near•ly the same sisals values in. gages 13 and 
24° The ]attar readings imply that a 

load ih one edge section 
pmoduces little strain in the elements in the unloaded edge sect!one 

•0 



0 

31 



This chapa<teris•ic of the str•-•t•,re was ber lfied by read•ng• 
gage 14 ver-•us •hcse for gage 
strains in gage i• were between 5% and 10% 
for, !sad magnitude• up tc i•0 psf• Agreements of 
the web elements were not as gocd• Gages 0 and i were '•c•ated in 
end panels of the sec<£cns and •herefcre were mo•e sensitive that 
the gages in the chord elements te• slight differences in the ex- 

tar, hal suppor.ts or strand anchosage• I• is believed that most 
of the obser•ved discrepancies ir •Ye web element strains may be 
attributed to these factsrs• 

The maximum cbser.ed strain during al: of <he load tests 

was 1,900 u-inches •nch in gage 1 at a Load of 200 p-f• When 
multiplied by the e•.astia modulus of 7 x 

106 psi fo: 7his membe• 
the maximum tensile stre<:s developed at the applied load of ?00 psi 
was 8,:•OO ps• •hi• ••lue oompa-es to !0,500 p,•i f•< =he s:ng•e 
unit member, FTG-" gage l, at the same applied sad 

The csmpu•e• •<cgram prepa"e<• for the an•lysi• 
sectional •.truc•ure pro i•ed fc• both symme• c•: •<d •nsymme:<•ca 

any combination atna•nable by the prine•pies c f 
Howe•er, s•nce only ore-fourzh of the ant<re stricture '•as u•ed for 

bo•h longitudinal and t•apsverse centenlfne .•:•e• The program did 

•nvest[gate lhe effec cf a buckled e•emen• (none f •he 

numbeE of par•[a loading c nditions, i• addlt[on =o tbo•e de- 
scPEbed for the expemimentai st•dies• were •n•es•igated mathe- 
matically 

Comparison of An£lvtica: and Expe•:_men."•al Res, ul•s 

Figures ?0 and 2i show comparisons of typical predicted and 
exper, imental mea•:u<.ements fc< deflection• and strains, :especr;•.vely• 
The dat• presented in •hese figur•es are typical of the fi_ndings in 
general and were selected •c demonstrate <be Zig-ear deformation 
behavfo• of the s<•uctu•e a• •eil as ts indicate •be nature of 
deviations be<wean the analytical and e"•p£uimen<al rest, iTs. Over.- 
all, devlations for the deflection measurement• ranged •rom nearly 
zero up !o 20% with a mean around !7%• whereas •he deviation for 
the strains ranged from nea[-ly sere up to 80% ,•ith a meap aNcund 
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The deviations of strains in the web diagonal elements, as a 
group, were higher than those for the lower chord elements° In 
nea•ly every element, whether a web diagonal or a chord, the ex- perimental value was less than that predicted by the analysis° 
This was true for both strain and deflection measurements• From 
a behavioral standpoint• these results indicate that the joints 
undoubtedly transmitted some moment and provided more stiffness 
to the structure than was assumed for the analytical model° 
From a design standpoint, the consistency of the higher pre- 
dicted values would permit an empirical adjustment to the 
theoretical model to account for the indeterminant stiffness of 
the joints and thereby bring the theoretical and experimental 
values into closer agreement° A comprehensive study of empirical 
modification to the analytical model was not made in view of the 
physical modifications which should be made to reduce relative 
lateral movement of the sections under loads° These modifications 
would change the stiffness characteristics of the structure and 
produce different sets of da•a from those obtained in the current 
investigation. Also, a time limitaticn for the comp!e•on of 
major goals of the project precluded interesting studies o.f this 
nature. 

Partial Loadin• and Buckling of Elements 

It was mentioned previously that some of the web diagonal 
elements buckled when a load was applied over a portion of the 
plate surface° This was anticipated in view cf the single diagonal 
tension element present in each panel° A number of nonsymmetrical 
partial load arrangements were studied by means of the compu•:e<, 
program to ascertain which tension elements would undergo stress 
reversal and be subject to buckling° 

One experimental load test was conducted to check the ana- 
lytical results. This test consisted of a i•ve load applied across 
the structure at the second panel position from an end support. 
Figure 22 is a plan view of one-half of the structure showing which 
members were predicted to buckle and which members actually buckled 
due to the loado Other web elements appeared to retain some tensile 
stress even though the strains were small° Figure 23 shows the 
deflection profile of the lower chord in the center section, which 
clearly indicates an upward movement of the girde•o This move- 
ment was apparently due to buckling of the top plate in an upward 
direction between the load position and the support, and occumred 
when the compressive stress in the plates exceeded the critical 
buckling value for that element. 
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•wo ste•s c•on be taken • pre,en •is•c•ti•< • •he p•nels 

in each pane• •<• develop the •equi•ite tensile force• to maintain 
panel integrlty• Some fabricatlcn difficui-ies would be antlcipated 
fom this procedufe• An obvious disaduan•{ge wcuid be the use 
addltic•al mater.ia! and iako• rc csmple•e 7he sec•icn• Secondly, 
<he dead weight of the structure ccuid be increased by a 

top slab so that the •hear st•e<ses in the panels would not 

verse unde• a•tion cf the live icad• Certa•n!y a comb•na<•on 
heav•e• •op pla:es <or •!abs) than :hc•e •sed fou TTG-8 wouid be 
require% for the deck of a b•idge in •e:v=ce• but unEeasonabiy 
large dead loads •culd be requi•ed to compersare fully fo< all 
possible •]•ive load eondirion£ • • examp:e, severa! arrangemenIs 
are shown in Table i •n which the deed load ma• varied by the 
of a concrete slab wi•h a density of i•<0 }cf• A live load of 
was u•ed =n the computations: No a•io•aree was m=.de for <he me•gh• 

of dead weigh*- and arcss d•agora! •,•eb eiemen• in the 

Thus i• appea<• :h• the use cf a •ea•c•ably hea<y <S0 

Ive it:ad defLect!on•, ellmlnmtlng mo•< ef the live load buckling 
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Table i 

Dead Load Requirement to Offset Effect 
of Partial Live Loads at 85 psf 

Type of Partial Load Critical Section/ 
Element* 

Slab Thickness• 
inches 

Uniform load on center section 

Transverse line load at U2 on 
both ends 

Uniform load over two panels at 
both ends 

Longitudinal line load a• center- 
line 

Point load at cente• 

Uniform load on t•ansverse 
one-half 

Transverse line load at U2 on 

one end 

Uniform load over two end 
panels at one end 

Uniform load on longitudinal 
one-half 

Uniform load on one edge section 

Edge/UOLl 

Edge/U3L4 

Edge/U•L• 

Edge/UOLl 

Edge/UOLl 

Edge/U3L• 
Center/U3L• 

Center/U3L • 

Edge/U3L4 

Center,/U3L4 
Edge/U3L• 

Edge/UOLl 

Edge/UiL? 

*See Figures 22 and 23 fo• element locations° 

3°0 

0°7 
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Studies on Ccnfigurational Optimization 

The present eonfigumation of the tPussed gi•.der was based 
partially on intuitive arguments, (3,•) .and as has been mentioned 
previously, the stress distribution in the elements was not ideal° 
Therefore, studies were conducted for. an optimum configuration 
which might yield a more economical membe• A literature revfew 
revealed that little work had been done in the fleld of cp•imizlng 
the configuration of unknown tcpc!ogy• The few available repoPts 
included the fol!ow•.ngo 

a) A• G• H. Hicheil's (190:•) method for determining 
the optimum layout of ba•s in a tru•s-like con•num 

(5) 

Hegemier and Pea •r'< (! -•f 
= s g• _ 

968) modification M {• 
problem •cY which a unique op•:imai iaycu< can be direc- 
t• •:• <• 

a!: and e 

c) 
numbers o ,• bars that •_:•'•:•-'e •=•, nearly the tame =con,omy 
of material as 

d) D•r.n, Gcmc•y, and Greenbe•g'• (196•) method of finding 
the optimum geomet•i< ccnfi•uratLcn cf p!ana• *•usses 
subjected •o a sLngle se• of i::ads by sra•tzng with 
a network 0£ possible node !cessions ard 
structure obtained by lr•er•on•:e.cTing these nodes, 
wLth • ]irear p•c£•ammin£ a]£:ri•hm being used •c 
de!ele •ome cf the members• 

e) Dobbs and Ye[<c:n's {1969) m=.•--,,• fo• • ,,,a n• cases 
of muitip!.e inJependen< set• of !ca•s and use •f a 

steepest descent ai•,orithm to solve •:he •es•.:,[ t:ing 
nonlinear pr•m .era. •' 

f) A me•hod pr',oposed by Hajid and Eiiiet (1973) that, 
also starts with a g•cun% structure, and uses some 
structural pP•nciples, to fcPecas< the manner •0) 
which the numerous members should be deleted° 

g) Wo Ro (!9 ":• optimality criterion to find 
the optimum iocat•on of the nodes ©f a truss with a 
given t,op,ologyo (!I) 

FoP the same reasons which determined t•he or•'•gina•_ •<hape 
of the member, i< seemed desfrable tc re•ain a prefabricated plate 
as the top chord and a •riangular c•os• sectional shape for the giPder•, 
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However• the configuration and areas of web and lower chord 
elements needed to be optimized° None of the above metho@s 
provi£ed a direct• practical solution to this problem• 

Optimization methods based on mamhematical programming 
search fo• the optimum c:•nfiguration in a purely empirical 
manne•o A set of rules is established which will guarantee a 
continuous and monotonic decrease in a p•esc<ibed objective 
function without •ega•d to the nature of that function° 'The 
path to the optimum is shown, but no predictions concernir•g the 
optimum are specified, apart from the c•iterion that it is !m- 
possible or uneconomical to go on• Both the strength and weak- 
ness of mathematical p•ogramming reside in this formulation: its 
strength being the genera!i•y which thls independence of 
type imparts, whereas its weakness ar:ises from no use being made 
of any characteristics of the problem which would permit a mo•:e 
efflc•ent solution° Therefore, although these methcd• are •e• • 

defined mathematically, they are severely •mited by problem 
and computational complexity° As the number of variab?es in:•ases• 
the number cf searches also increases and the compu•ation• 
per cycle increases rapidly• This limita<i©n is at•ribut{b•e 
only to the greater cost of larger analyses but also to the need 
to com•ute derivatives o,f •,• •train<s w•h re•=ct t•o ali•,• var, i- 
aD±e8o• 

Therefcre• in recent years much attention has been focused 
on optimal•ty criteria methods where, in direct contrast To n•- 
mer•cai search methods, conditions are established cn some bas•s 
concern£ng the nature of the optimal design,: These 
provide the basis of a simple recursion relation use4 fo• •'ede•ign• 
For these •easons, an optimality criteria method was chosen for 
this study° 

Pederson oin*=d o•ut that fo a <•n ]e a p g• con•. 

was thought that starting with a Zmound stmucture obtained by 
connecting a netwosk of possible node locations aPd modifying the 
areas of e!emen•s to satisfy the optimality condition, som.e ele- 
ments could be deleted° For a three-dimensional study, only 
very small number of node locations could be considered because 
the number of elements would increase rapidly with the additio> 
of new nodes and quickly exceed •he capacity of i:he computer,° 
Tbesefore, the study was confined to, planar, trusses• The 
truss would then be considered one face of the triangu!a• tmussed 
girder• 



A computer program written by Victory Pe•y (14) 
was 

modified to serve these specific needs• •_• can handle 95 e•e-• 
ments and 95 degrees of freedom° The fo]iowing steps were used 
to explore an optimum configuration0 

Given a certain span length, select the numbem 
of panels, desired and s•etch a network of possi- 
ble node lo•ati•ns in the tw•-d•m• •n•ional plane• 

Interconnec• these n•da• points such that a ground 
truss of not mo•e than 95 elements • •s obtained° 

Use an optimality criteria method fog o, pt•mizing 
the ameas ,of a truss to de±e•e some of the elements° 
To avoid getting an ill-conditioned stiffness matrix, 
assign a minimum area constraint of 0o0000! Sqo in• 
rather •han zer, oo Consider elements with this area 
deleted• 

Pick the nodal points where most of the r,emaining 
elements are clustered, at the same time t•:ying to 
maintain a Pratt truss configuration by grouping 
some elements together. 

Select the width and the thickness of the top plate° 

Analyze the •esuiting structure using a three- 
d•mensiona! finite elements method and scale the areas 
of web and lower chord elements such that the largest 
deflection of the structure is equal to the maxlmum 
a]iowable de•lec•iono 

Repeat ,•,h_ procedure for a different number: of panels 
and c' • 

These steps were tried for the design of gi•ders 8 feet long 
with 6, 8, and I0 panels and girders 30 feet long with 8 and i0 
panels° A uniformly distributed load of !00 psi on the top plate 
was used in all determinations° The iterations ,could not be 
carried far enough in any of these combinations to reduce the 
ground truss to a sI•arical!y determinate one° However, in all 
cases, the heavier elements were clustered around one node in each 
column of nodes• which indicated the favored node° 

Figures 2• and 25 show the different steps in the design of 
the 8-•oot, 10-panel member. Figure ?• is the g•ound <muss of 91 
elements and 26 nodes.. The same g•ound structure but with dif- 
ferent dimensions was also used for the design of a 90-foot, 



10-panel member° In order to consider a more general network 
of elements and nodes, the geometric symmetry of the structure 
and loading arrangements were uti!ized• F±gure 25 shows the final 
shape of the plane truss with these nodes• The elements shown are 
the sums of the areas of s±milar elements grouped together° 

The top chord elements of the plane truss obta±ned by pro- jecting the girder onto a vertical plane were much heavier than 
the web and lower chord elements• To make sure that the web and 
lower chord areas did not decrease to an unrea!±stic value, large 
minimum area constraints were used for these elements. Because 
of this, the areas reached their minimum limit at the end of the 
first computational iteration and therefore were inactive for the 
remainder of the iterations° Thus the width and thickness of the 
top plate did not affect the results until step 6 of the procedure 
outlined above° At this point, w<dths of 16 •nches and •8 inches 
and thicknesses of 0°5 inch and 2 inches were selected •o• the 
top plates of the 8 foot and 30 foot •ong members, respeotive!yo 
The resulting s•ructure was then analyzed in three dimensions 
the areas of web and lower c•ord elements •ncreased proportionally 
until the largest deflection of the member became 1/1000 of the 
span length° In the 8-•oot, 10-panel g•rdem, some of the diagonals 
developed compress±ve stresses; but since they were ±nca•abie of 
carrying any compression, they were eliminate• at this point° 
The f•nal design of the 8-foot, 10-panel membe• is sketched in 
Figure 26° 

In a comparative study, the areas of web and lower chord 
elements of the configuration of TTG-7 were computed hy the opti- 
mization procedure° The idealized areas along with the actual a•eas 
of TTG-7 are presented in Table 2o Volumes of the web a.• lower 
chord elements of +,•h•= sever•al girders were ca]cuiated and are sum- 
marized in Table •o It is evident that a signiffcant reduction in 
volume of material was achieved in going f•om the actual areas of 
TTG-7 to the optimum areas for the same span length° Converse!y• 
for the same volumes of material used in the present configuration 
and the optimized versions of TTG-7, the maximum deflections should 
be substantially reduced in the optimum shape° 

The practical aspects of fabricating an optimized configura- 
tion have not yet been exp!ored. 
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Figure 25. Intermediate shape and areas of elements of the plane truss 
with the 8-ft., 10-panel design. (Numbers on the elements 
are the areas in sq. in.) 
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Figure 26. Final shape of the 8-ft., 10-panel design. 
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Table 2 

Comparison of Lengths and Areas of Web and Lower 
Chord Elements of the Actual and Optimized 

Configurations of TTG-7 

Element 
Number * 

Element 
Length (ino) 

Actual A•ea 
(ino 2 ) 

Optimum Area 
(ino 2 ) 

6 

7 

8 

9 

i0 

ii 

12 

13 

18 788 

22 293 

12 000 

18 788 

22 293 

12 000 

18 788 

22 293 

]2 000 

18 788 

•2 29? 

12 000 

18 788 

°8760 

.0433 

•0020 

o•380 

°0295 

•0433 

°4380 

•0177 

•0728 

o•380 

°0079 

,0905 

o2190 

°3348 

.2200 

o0001 

•3133 

1858 

1267 

2648 

]•40 

•3•6 

2052 

•0832 

o3214 

°00528 

3 6 9 12 

*Location of elements in TTG-7o 

13 
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Table 3 

Total Volumes of Web and Lower Chord Elements 
in the Various Designs 

Member, Max. Deflection (ino) Volume (anT) {•° 

Actual TTG-7 Speclmen 

Optimized TTG-7 Configuration 

8 fro 6 panel 

8 ft• 8 panel 

8 ft, i0 panel 

20 fro 8 panel 

30 fro I0 panel 

,1•17 ].68.66 

•096 166•22 

•096 58,,88 

,096 86•42 

0096 57°27 

°360 3u0•21 

•60 4628•42 

CONTACTS WITH MANUFACTURER<, AND OTHERS 

Scme manufacturers with capabill<ies for fab•icating 
angular trussed gi•ders were contacted° Budgetary 
limited visffts to firms outside of the state of Virginia° 
valuable contacts were made with attendees at the Annual Meet:ing of 

•nd,•s•r•s in February 1975 the Society of Plastics • Washington, 
Do Co 

Other contacts of both general and specific natu•,es were 
made at the following meetings; 

ASCE/E!C/RTAC Joint Transpo•ta•i,on E n i<,,eer• n 
Meeting, Mon•mea], July 1974• 

A$CE National Structural Engineering Con?ention 
and Exposition, New 0r,!eans, April 1975o 

A$CE Research Council on Structural Rlastics, 
New York, January ]975• 
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Technical papers describing research progress in the TTG program 
were presented at the first two meetings listed. A fruitful con- 
tact with the E. I0 DuPont Company (manufacturer of Kevlar 49) 
was made at the third meeting. (A portion of the required travel 
funds were provided by Virginia Highway & Transportation Research 
Council for only the first meeting listed.) One specific confer- 
ence was held with management personnel of the Baker Equipment 
Company of Richmond, Virginia, concerning their interest in pro- 
viding fabrication services for the trussed girders° In this 
case, qualified interest was expressed dependent upon scheduling 
and volume requirements. A long established contact was maintained 
with a representative of the Owens Coming Fiberglas Corporation 
in Granville, Ohio, with the receipt of helpful advice and technical 
information° 

Additional contacts were established with Eli Ron, Chief 
Engineer, Public Works Department of Tel Aviv, Israel; and Professor 
Yo Tene of the Israel Institute of Technology, Technion City, Haifa, 
Israel° Information was obtained by letter and telephone conver- 
sation with these contacts relative to the erection of a reinforced 
plastic pedestrian bridge in Tel Aviv in November 1972. Details 
related to this structure are given below° 

Superstructure has a span of 79 feet, a width of 
6 feet, and a total weight of 2°5 tons. 

Erection time was 15 to 30 minutes at night. The 
superstructure may be removed intact from abutments 
and mounted on wheels for towing to another site. 

3o No maintenance is anticipated for 20 years° 

Entire structure was shop fabricated of an assembly 
of glass-reinforced plastic panels in light steel. 
frames. Connections were made with both adhesives 
and welds in the steel frames. The GRP panels 
were hand lay-up construction. 

A safety factor of 4 was used for the design of the 
GRP panels; a safety factor of 2 was used for the 
steel. 

A fire-retardant polyester resin was used with 
additives to inhibit ultraviolet degradation. 
These additives increased the resin material cost 
by approximately 2%° 

Initial design calculations provided for three- 
dimensional stress development° Laboratory tests 
on models were used to verify design calculations. 
Ultimately, a one-half scale model was load tested 
in a laboratory without failure. Both static and 
cyclic loads were applied. 
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The design live load was 93 psfo 

The light weight of the structure does not provide 
sufficient damping to prevent detection cf vibration 
by the pedest•ians• The live load deflection was 
the limiting design factomo 

Weathering of the resin is expected to be the primary 
source of deterioration of the b•idge• The climatic 
exposure is simi!a• tc that of Florida except for 
lower prevailing humidlties• The weathering effects 
are to be monitored by load testing a laboratory spec•- 
men of one-half scale afte• five years of exposure to 
the same cllmatic conditions as those experimented by 
the bridge. 

Only one b•idge was fabricated and e•ected due to 
changed economic circumstances° At the completion cf 
the •nztial design, the .cost .of the GRP structure was 
20% less than that of a r'ein•orced concrete bridge• 
at the time of erect:ion, i7 was 10% more° The final 
cost of the GRP superstructure was $•2,S00 and the 
total cost of the brldge, including design, was S45,000o 

Other than <•he proposed load test of the model after 
five years• there •s no planned proguam to monitom 
the per'formance of the b•idge on a continuing basis. 

CONCLUSIONS 

The following conclusions a•:e based on •he f::ndings of the 
reseamch studies conducted. 

Modifications to the top plate and stiffener assembly 
simplified the girdes fabrication procedure without 
sacrificing load pemformanceo 

Load-deflection and load-st•ain relationships were essentially linear over the test •ange• 

Use of heavier cover plates or higher modul•s mate•al 
for the stpanded elements decreased the deformation 
characteristics cf the member° 

The ultimate strength of the modified style gi•:der 
was in excess of a 600 psf uniformly distributed load• 
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Haximum measumed •t•ains 
(under I/I0 ,•imate 
i00 psfo 

Analytical and experimental starmc load, test 
results agreed within 90% for deflections and 
within 90% fo• st•a=<s fc• beth single: and 
tm•sectiona! specimens, lr ai] ea•es, the 
p•edicted values were hmgher that :he e×pe:imen<al 
values° 

The sec:•,ndary creep ra-e •as 0 03 inch per ye,•c 
f• the center/ire defiectior a• a Load 2f 0 f, 

• 
_• e• 30 ,days •':,n•= ]cad• P•imazy e•, :erminated s :* 

Elastic bucklir:kg c:f •eb elements occutre,J with 

indicated th:•t: t:b,,e • •k :•-•• 
:• 

c:•uld be eliminated 
by pr,o•idlng a hea<:y •op slab tc irc•ea•e <he dead 
weight <£ the girder 

Various Load •:ests cf the <risectionai specimen 
indicated that:-•be prir<•zp]e o• :superpcs•ric, r wa• 
app!icabAe •,•,:• par<z•i • ais de- 
termined 
caused considerable 

R•.OHMENbA• •'oNo 

Considerably e •n =•-• *•'•< "ou, i.d m•r_ z•I•ma be obtained by continued 
..•=h TTG-8 with very •i• •'•st •d effort The experimentation w °+ 

f,ol• •wzng steps a•e r:ecommended to cbtaln <hzs information° 

Add tmansverse +: :•es and strut_ • connect the 
!owe• chords of the se•icn•_ Conduct several 
load tes_• I<o compare the effects with. •:he 
cur•en• structure. 
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Obtain dead weight creep data over a period 
of several months to compare behavior with 
that of TTG-6. 

Add concrete slab and determine behavior under 
static load arrangements used previously. 

Conduct cyclic load tests to study fatigue be- 
havior. 

Determine an ultimate static load and mode of 
failure° 

Efforts to improve the vertical and transverse stiffener 
assembly should be continued° Preliminary work on a siongle, rigid- 
frame configuration to replace the four parts now used has been 
encouraging and should provide considerable advantages° One or 

more single unit test specimens similar to TTG-7 should be fabri- 
cated to verify the results of the modified stiffeners• 

Additional study should be made of the use of Kevlar •9 as 

a substitute for glass roving• The single specimen fabricated 
was not representative of the best fabricating techniques nor of 
the geometric configuration applicable to this material° Refine- 
ments of these factors are likely to enhance the efficiency of 
the girder considerably° 

Experimental test specimens should be studied •o confirm 
the results of the optimization studies described earlier° These 
studies could be conducted jointly with the modifications to the 
stiffener assembly and with the use of combinations cf materials° 

Recommendations for a Field installation and Study 

Considerable information and knowledge has been acquired over 
the past several years relative to the properties of the GRP, tri- 
angular trussed girder through development studies, laboratory 
experiments, and industrial contacts. A full body of knowledge of 
this subject is certainly not complete and much more insight can 
be gained by further analytical and experimental work in the labo- 
•atoryo At the same time, there can be no effective substitute 
for field studies in which all interactive variables are present, 
including force, temperature, moisture, sunlight, and user abuse° 
Therefore, it is recommended that serious thought be given to a 
field study of an in-service structure which would provide the 
oppomtunity for an evaluation of the behavior of the materials 
and performance of the overall structure under field conditions° 
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There are sea, era! factors •h wh• support this •ecommendation 
at thi• time: 

The lead time for the verification• acceptance, and 
utilization of new materials and concepts is lengthy 
when dealing with structures involving public welfare 
and safety, in addition, the accumulation of much of 
the performance data needed for acceptance eog•, in- 
formation on the environmental effects upon structural 
deterioration, requires long periods of time• Accel- 
erated data collection programs, when used, have not 
always produced accurate predictions of time-dependent 
phenomena° Any anticipated adoption of new ma•erials 
o• untried procedures therefore should ta•e into con- 
sideration the number of years which no•ma!]y elapse 
between the start and finish of a developmental project. 

Com .•t• materials technology is continu<ng to develop 
at a rapid ra•e with discoveries of new products and 
p•ocesses• P•oductio.n statlsties f,o• materials and 
products have increased substantially each year for' 
the pas< decade (recession periods excepted) and con- 
siderable ••,,<+ • • •¢a¢ expansion •s now undeP way <o meet 
anticipated f •¢,• u r demand° Basic and applied research 
efforts continue t•. be strong •n most areas of the re- 
•nforced plastics •dn,JUStF• y. Growing emphasis has been 
apparent is re.<e•,<• months in •he area of structural 
applications both within_ and •u•+-•d=• <•:•• the PeinfcPced 
plastics •ndustry• It is reasonable to expect that 
many of •he technological advancements •o be made in 
the next several years w•::.• •] be applicable and beneficial 
to highway st•uctur:es. For. e×amp]e, the•e has been a 
recent advancement in the re•hnoiogy of inje•o•n mo!•ng 
to include cboppe@-glass reinforced po!yeste• resin which 
portends broad replacement of :st••uctu<•a] met:allic mate- rialso(l 5) Cost savings of 99% have been demonstrated 
to date with this m•hode • ef production fo• at least one 
industrial product° It is anticipated that the g•owth 
of injection molded GRP • w•.• triple in five market a•eas 
alone by ]980° 

Public awa:•eness of the role of synthetic materials in 
society is at an all time high. The use of plastic 
products by consumeus and producers alike has reached 
a condition of near dependency upon these matemials 
for convenience and potential cost reduction in almost 
every facet cf !he national lifestyle° The image of 
product •e]iability and endumance has not yet been 
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established for plastics as well as it has been 
for other more conventional matemiais• However, 
the incr.easing frequency of successful utilization 
of synthetic composites for major construction pum- 
poses should enhance the public confidence and 
acceptance of these materials° For example• the 
decision to erect the predominately plastic pedestmian 
bridge in Tel Avlv was an e×p•ession of confidence by 
Is•aei in an acceptable economic and functional per- 
•.urman•.e of material system, 

While it would be preferable to have the bridge superstructure 
fabricated by a commercial firm, it is recognized that some of the 
unique features of the TTG member would make it difficult for a 
manufacturer: to m•n•mmze a cost es•:fmate for a single br•@ge unit° 
In the event that no suitable firm would be wi•i•ng to undertake 
an exper•imentai program of <his nature, a superstructure up to 30 
feet in length could be fabricated in the iabcra<:ories at the 
Univer:sity cf 7•rgonia. Whethe• fabricated l.n-bouse s• by a com- 
mercial fi•m, it •s apparent that the girders would be constructed 
manua!!y• 

It: wcu!d be essential that a location be selected for the 
• .•q s aece 

bridge which would permi• fr• uent visit and easy ss for 
spection and •*'-,. m.•n•_.x•ng appl•c.able instrumen•atis.n• ideally 
the site should be located in the County cf A!bemarle, the City 

s.•&&e, Rerhaps on the Grounds o ,• :h Uni<emsi•v• 
Planning and silo selection may beneficially be incorporated in 
the current studies for •icycle travel ways in •he io.ca] com- 

mun • 

The proposed study for a field installation would necessarily 
extend oveP a period •;• o• time to • arrange- e site •eleetzon, 
merits for substructure design and constPuction, si•perstructure 
fabrication, costs estimates for materials, !abrication and con- 
structlcn, coordination between parzicipating omganizations, and 
plans for monitoring <he perfoPmance of the completed structure. 
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APPENDIX A 

E XPER• MENTAL TESTING 

Instrumentat ion 

Test specimens were instrumented to obtain data for vertical 
deflections and strains in selected element• during loading° All 
deflection measurements were made with conventional dial indicators 
with least readings of 0o001 inch. Strains were measured by means 
of electrical resistance strain gages bonded to the surface of the 
web and chord elements. Gages supplied by the Hicro-Heasuremenvs 
Company, type EA-06-?50 BF-850, were bonded with H-bond ?00 adhesive 
to all specimens• Strains were recorded by means of a 50 channel, 
Hodel 205 indicator and Model 80 < switching system made by Wll am To 
Bean, Inc. 

Load Testing 

All load testing was pemformed in the * *• s•ruc.•a•, laboratory 
of the DeRartment of Civil Engineering a•i the Unive•sity of Vi•giniao 
Test loads were applie• with hydraul=c cylinders co•nected• n to a 
Rieh!e:'Los pumping c.onscle which ro•<ded p cad cortrol tc the nea•es• 
20 pounds per cylinder. Air bags, 3 x 9 x l-foot deep, made by the 
Uniroyal Company, were used to spread the load uniformly o•e•;, the 
top plate cf the members. Suppc•t was provided at the ends of the 
÷ t by f•'am=• it •* the triangula• shape c• the <:,es,_ member wooden bui • 

c•es.s secticn A I/•-inch thick s•rip of e!astomeric m•*- er•-'•a•' •,• wa• 
attached •o. the supper< frame to en=•,.r•.• distributed contact along 
the .sides of the "V" of the sugport frame and the vertical web 
elements at the ends of the member',. No measurements were made 
determine the amount of •÷ h • w •h cccur•ed at s• •r +< r•. •atAon the pp during load applieations• i•e•, tc aster:rain the degree cf restraint 
at the support, but visual observations, of the member, indicated that 
nc obvious end restraint was present. No effort was made to control 
the environmental cord<tiers of the laboratory during the period of 

• •O F' load testing° In gene<al, the temperat:ur, e ranged from 6,..•F to 
and the mela.•.m\e humidity fr:om •5% tc 
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STRESS ANALYSIS AND DESCRIPTION OF COMPUTER PROGRAM 

Axial stresses in the web and lower chord elements and 
displacements at the joints were computed theoretically by the 
finite element method utilizing plate bending elements to repre- 
sent the top plate and space truss elements for the web and. lower 
chord° The relationship between the forces and displacements at 
the nodes of an element is 

n 

qi •C kijd• 
j 

: i ] 

where qi is a force in direction i• the stiffness coefficient, 
kij is the force that must be applied in direction i to produce 
a unit deformatisn in direction j when no other deformations occur 
in the element• and dj is the deformation in direction jo Ez- 
pressed in mawr÷ ,• notation, the relation becomes 

{q] [k] {d} 

The stiffness matrix [k]of a space truss element, with 
reference to the global coordinates as shown in Figure A-l, is 

2 
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The stiffness matrix for the rectangular plate bending element 
shown in Figure A-2 was taken from Przemieniecki• (16) It was derived 
using a displacement function that ensures both deflection and slope 
compatibility on adjacent elements. 



6 

x, y, z are global axes 

u, v, w are elmental axes 
The number sequences 
indicates the order of 
direction for each element. 

6 V 

Figure A-1. Global and element axes for space truss element. 

Y 

•E GE ND 
x, y, z are plate axes 
The number sequence indicates the order 
of d•reet[on for each element. 

Figure A-2. Rectangular plate bending element. 
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The stiffness matrix [K] for the en.t•e structure (one or 

more girde• sections) is generated by superposition of the matrices 
of each element. If the external forces and corresponding dis- 
placements of the joints in the truss are denoted by {Q} and {D} 
respectively, the matrix equation for the load-displacement re- 
spectively, the matrix equation for the load-displacement relation- 
ship of the entire structure may be shown as 

Figure A-3 shows schematically the set of directions by which 
the forces and displacements were defined• Two planes of symmetry 
permitted use of only one-quarter of the structure rn •:he analyses, 
and thereby red\•ced the number of the numerieai calculations° For 

a given load vector {Q}, this set of linear simultaneous equations 
may be solved for {D}o Thereafter, the deformation vector (dxy z) 
of each elemen c•a• be cbtainedo Subsequent multiplication of {d•y•} by {k• z} gives values for {q 

x•z 
} as desired• The final 

ax•a& f•c•< •,• •oa• bar is obtained b•Y•ransforming the ×yz components 
into the element axes (om uvw direction) by 

(q• IT) {q} 
xyz 

where [T] is a transf,or, maticn matrix as defined below: 

IT 

[t 

[-t 
] 

m -i 
Q 
1 m n 

] n -mn 

* and some quantl•.zes For vertical bars, Q is zero because n . 
i, 

in [t] become indefin•teo Therefore, for vertical ba•s 

(Reference 

It) o n 

o o 
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Final •a!ues are presenned in unit s•esses and s<•ains. 

Final computations a•e printed as axial stress and s<:•ain 
for each e]emen and the deflections of each panel point. A 
complete ii•ring of the ccmpute• p•cgram is inci•ded in <he 
foilc•ing pages• 
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APPENDIX B 

THEORY OF OPTIMALITY CRITERIA FOR STRUCTURAL DESIGN 
(This section •is taken from Reference 12 with some modifications.) 

The application of optimality criteria approaches to struc- 
tural optimization involves deriving optimality criteria for the 
specified design conditions and establishing an iterative prc- 
cedume for achieving the optimum design° in contrast to mathematical 
programming methods, a characterization of the optimal state of the 
structure ms provided, but no preferred path fo• reaching that state 
is given• Direct intuitive jmocedures are used for the structural 
•esizing necessary to achiewe the optimal design. Such approaches 
usually invc!ve simple recursion relations which are very efflcient 
and easil9 programmed for the computero 

Derivations of the Optimality Criterion 

The objective .is tc m•.n•mize the weight of the structure 
while satisfying the desired stiffness char:acter•lstics under spec- 
ified loading conditions° The configuration of the structure is 
assumed to be fixed and the total structure is @iscretized into 
infinite elements. For a truss the only design variables are the 
areas of the e!ements• Under these conditions the total weight 
of the structure may be expressed as 

where Oi is the mass density, A i is the area, and •i is the 
length of i th element° 

By the principle of minimum potential energy, the structure 
is in equilibrium when 

(U + V) 0 (A-2) 

where 
t 

U = ½ {r} [Z] {r} (A-S 

is the total strain energy of the structur:e, and 

V = 
{R} t {r} (A-•) 
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is the potentiai energy of applied loads. 
constraint is 

Then the equilibr•ium 

where [K] is the structure stiffness matrix, {R} is the vector of 
applied loads, and {r] is the structure displacement vector. 

Constraints on minimum element areas can be expressed as 

Ao _> a• (A-6) 

where a i is a constant° This equality can be converted into an 
equality constraint by introducing a vector of slack variables 

A• a• x• 0 (A-7 

:Stress constraints can be imposed as 

1 max 

where o i is the effective stress in the element and Oma x 
is the 

maximum allowable st•eSSo For a truss the effective stress would 
be the axial stress in the element° Introducing anothe• vector 
of slack variables Yi, the stress constraints can be expressed as 

2 (A-9) °i °max Yi 0 

The optimization problem can. now be written as f•nding the minimum value of 

m 

subject to the constPaints 

½ {m] t [K] {r] {R} t {r} 
: 0 

!A {a• {x 2 } 0 

<A-IO) 

{o} ama 
x 

{Y2]• 
0 (A-II) 

1 
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Accomding to the theory of the calculus of several variables, 
when the equality const[:ain% equations are added to the objective 
functions using Lagrange multiplier, s, the problem Peduces to finding 
the stationary value of the functional • such that 

m 
• • Ai •i X1 [½ {r,} < [K] 

i 1 

•2 {A} fa] {x •} 

•3 [{•} Cmax Y (A-J2) 

Here •. is a function of the nodal dfsplacements {p} the design 
variables {A} the slack •ariabies {×2} and {y?} an• the Lagr:ange 
mu!tip!ier-s •], k2, and •. To detePmine the stationary value of 
the functional. •, <he v •+• ,ar• cns with •'espect to the above •ar•- 
ab£e.s should be obta•ned and se• equal to zero. The variation cf 
• with respee* to the • •< d•sp:•aceme• t• g•ves 

which is <he equilibrium equation @i • the s<•ucture• 
cf "• with pespec*_ • the s•a.•k var•abi•s gives 

The variaricn 

When either the stress c:r the minimum area constraints fop 
an element are active, no further reduction in •ts a•ea can occur, 
so the s•ack variable for these constraints are zero. However, 
when neither constr, aint is active, fur'ther modification in its 
a•ea is possible, and slack variables are not zePoo Therefore, 
from equations A-l• and A-IS the Lagrange mul:iipiiers associated 
with them must vanish. Thus equati.cn A-I? Peduces to 

m 
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gives 
The variation of 

•i with respect to the design variables 

(A-iV) 

The stiffness matrix of the structure can be expressed as <he sum 
of the stiffness matrices of its elements as 

m 

where K i is the stiffness matrix of i th element in global 
n the stiffness matrix of i th element is ordinates Since o.•:y 

affected by a change in Ao 
I 

• 
[K] 

• [Ki] 
SAo •A• 

and for a truss 

(A-!9) 

• [Ki] 1 

•A• < [Ki] 
1 

Substituting equation A-20 into equation A-17 gives 

(A-20) 

½ {r} t [K i] {r• } 
• constant (A-21) 

The statement of the optimality criterion follows from 
equation A-21: the optimal structure is one in which the strain 
energy density is the same in all its elements that a•e not affected 
by the stress or minimum area constraints° 

Venkayya(13, I•) points out that for statically determinate 
structures this optimality criterion is a necessary and sufficient 
condition for global optimality° However in the case of statioally 
indeterminate structures, it is usually possible to find more than 
one design which satisfies the optimality crite•ion• Each of these 
designs •epresents a relative minimum° 
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Formulation of the Optimization Algo•ithm 

The next step is the development of a numerical procedure 
for arriving at a design which satisfies the optimality criterion. 

Assume that there is, a design vector {A} in the feasible 
domain. This vector can be normalized such that its largest ele- 
ment takes on a value of unity: 

i {A*} K {A] (A-22) 

where A is equal to the largest element of the design vector {A}o 
The element stiffness matri× and displacement vectors can be 
normalized similarly as 

and 

Thus 

* i [K.]• --£ [K i] (A-93) 

{r'[} 
: 

A{r ] (A-24 ] 
1 l 

t ui ½ {r'i] [Ki] •ri] i 

•T • {ro• [Kil {r i} 
which •ay be written as 

(A-25) 

(A-26) 

and 

oth The expressions for the volume of the • 

V p A • 

V. oAo •o 
1 ,I I 

Vo Ao 
• 1 

• A i 

element a•e 

(A-27) 

(A-29) 
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The optimality criterion derived requires that the strain 
ener•gy density of each element attain an average or ccnstant value 
as follows: 

U, mo 
i 

= 6 = 

Vo V• 
• l avg 

which may also be expressed as, 

(A-30) 

(A-31) 

or 

A2 n i (A-32) 

• avg 

where and (•i)avg 
are the element strain dens{ty and 

average strain energy density of the structure° 

Mu!t•plying both sides of the equation by A• and taking 
the square root 

÷ D 
ni (A-33) AAi i (ni)avg 

The recursion relation can now be written as 

ni (A A i) 
v + I : (Ai)v (A-34) 

(n•) avg 
i 

where v and v * 1 correspond to present and next cycles of design, 
respectively° 
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