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APPENDIX A

PROCEDURE TO DETERMINE A LEAST-SQUARES FIT FOR ANTENNA PATTERNS

In this appendix a procedure to fit a third-order polynomial
to the voltage pattern v(0) of an antenna is derived and de-
scribed. Given the arbitrary pattern v(0), the procedure deter-
mines those values of a, b, ¢, and d that minimize the sum of the
squares of the differences between the actual value v(f8) and the

value of the polynomial approximation
v'(8) = a + bo + c6? + ao? (A.1)

at every point specified.
The wvalue v(@i} of an antenna voltage pattern at an angle Gi
can be determined from its corresponding power pattern expressed

in dB, Aftgi)dB' by use of the following equation:

1/2
LA (0,) .,] <05 AL (0, ) ]
v(6.) = {10 £771748%) = 10 £ %dB (A.2)

Since most antenna patterns with which this thesis is concerned

are generally available in the form of Af(Bi}dB, equation (A.2)

must generally be applied to obtain the voltage pattern required
by Chapter 4£.

. 22 ; o i
Each row of the augmented matrix ~contains the coefficients



of the unknowns a, b, ¢, and d, for a particular value of 6 and

for the corresponding value of v(8):

1 61 6% 01 v(81)
1 0, 0% 63 v(02)

>

L]

1 0 02 g3 v (6 )
n n

The n specified values of the antenna pattern to which the fit
to be made are generally chosen at equal intervals along the

region of interest. The normal equations then become

n n
na -+ :L=lgib + i);“,la;c ¥ i);lo;d = i};“_,l v(6,) (A.
Y 0.a + ieb + Y ole + S o'a = So.v(0,) (&
=1 * i=1 i=1 * 1=d1 - 1—fl x *
55 D.a + 55 8'b + 55 0'c + 55 bsd = ii 0 2w (¢ ) (A.
j=1 * i=1 1 =1 i=1 ?t =1 4
3 n i 2. 5 n ) L2 3
i};lela + igleib + i);lelc + 1=10id = ]_E,laj_v(ai) (A
By making the substitutions
ry = ii 67 (A
J i=1 *
and . .
S, = 2; Biv{Bi) (A

is

4)

. T)

.8)

.9)



one arrives at the following normal equations:

The determinant

d is

Thus, from Cramer's Rule, the solutions for

are found to be

D of the matrix of

r2) - (r.r. -
4 T2 V¥a¥g
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(A.10)

(A.11)

(A.12)

(A.13)

coefficients of a, b, ¢, and

rgﬂ (A.14)

the unknown parameters
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r2 r3 I'q Sl r3 1'4 Sl r2 r4 Sl r2 I"3
So|T3 Ty Tg| Ty [Sp Ty Tg|*rp|Sy T3 Tg| T3Sy Ty Ty (A.15)
Ty Ts Yg 93 Tg Tg S3 ¥y Tg S3 Iy Is

(A.16)
By gy Ty *y ¥3 By Ay 1By Eg £y 8y *3
n|s, r, rg|=syfr, r, rg +r2 Y, S, Tg|~Xy|r, S, I, (A.17)
S3 Ts Tg Ty ¥g g r3 53 Tg Ty S3 Ig

1 2

D {”[51 (ryre = rg) - ry (s,rg = sarg) + r, (s,rg - 53r44

-5 [r (r r_ - rz) -r. (r.x, —r,r.) + r, (r,r. - r,r ﬂ
oL"1 476 5 3 2°6 35 4 25 374

+r2[r1 (szr6 - s3r5} -8 (rzr6 - r3r5) + oy (r253— 52r3ﬂ

~rafr) (syrs - syry) = sy (rprg - xary) ¥ org (rpsy - 52r3ﬂ}
(A.18)
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I

Ly By £y 1 83 T4 1
n I'3 52 1'5 —rl l"2 52 r5 +S0 1_’2
Ty 53 Tg T3 83 T k!
l‘n r., (s,r s.r.) - s, (r.xr
Dl 2 276 35 1 376
-rl[rl (521'6 - s3r5) sy {rzr6
+50[rl {r3r6 - r4r5) - r2 (rzr6
—r3[rl (r3s3 - S2r4) - r, [r253
2 B3 5y g, s By o)
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a2 5 ®3 tg L5 83 ¥3
1 nir, (r,s s.r.) = r, (r,s
D 2 473 25 3 373
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+r2[rl (r353 - 52r4) - T, (r253
2
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g *y 3 kg Sy
r3 r5 —r3 I'2 I'3 S2
_'t_'4 IG I.'3 ]’.'4 53

(r.s

4=5 4 373
= Ey¥g) t By kEyS,
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T3 By 1 T2 T3
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(A.19)

= 52r4ﬂ

(A.20)

(A.21)
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Given an antenna power pattern expressed in decibels,
equations (A.2), (A.8), (A.9), (a.1l4), (A.l6), (A.18), (A.20),
and (A.22) are sufficient to determine the polynomial approxima-

tion (A.l1) to the voltage pattern.



231

APPENDIX B

DERIVATION OF MAGNITUDE AND PHASE OF
THE COMPLEX REFLECTION COEFFICIENT

In this appendix expressions for the magnitude Cr and the

phase § of the complex reflection coefficient CR@](S are derived.

Beginning with équations (5.11) and (5.12),

ié _ n2 sin ¥ - [n2 - c‘osz:p]l/2
e = & 3 IR DFS) (dd
n- sin ¢ + [n - cos w]
and
2 _ a
n" = e K (B.2)
one may insert the latter into the former to obtain
c jé6 _ e _siny- jKsinyp - [e - c052¢ - jK] 1/2
e = 1 r
R 5 173 (B.3)
Ersinw-j K sin { + [er- cos" | =~ jK]
Next, the following substitution may be made:
[sr - cos?y - ij 2 - s + 31] V2 (B.4)
where
5= g~ coszw (B.5)
r
and
T = -K (B.6)

But it is also known that

[s + 37]%2 = [Vej”‘]l/z =1 %cos (a/2) +5[v]* *sin(a/2)  (B.7)
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where
V= [52 + T2] 1/2 (B.8)
and
a = tan 1 (T/S) (B.9)
Thus, from (B.4), (B.7), (B.8), and (B.9),
[er—cosz - jK] L =[52+ Tz] l/4cos (%tanﬂl(g))
+ j[52+T2] l/ésin(]z—'tannl(g)) (B.10)

Substituting (B.10) into (B.3) one obtains
(arsin P - [82+T2] l/4cos (2tan 1@])%

2]1/4

jé
CRe

X

-+ j[—Ksinw -[82+T s;n(ztan %E»] 2 a5

|

‘ersin U] +[82+‘I‘2]1/4c05(2tan 1(3)))
+ j{—K sin +[82+T2] 1/451n(2tan l(g}){
But equation (B.1ll) is of the form

-1
36 . W -+ '|X B [W2 + xz:ll/z EJ tan (X/W)

R Y + %

9]
(0]
|

. -1
[Y2 i Z2]1/2 o] tan (2/Y)

_ | x| 2 lean™ W) - tan Tt a/0)] (g gy,
2 . 2 ’

Y + 2

=
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Finally, by inspection of (B.12), the following expressions may

be written:

2 2 1/2
Cp = W—Z-i—x-é (B.13)
¥ + Z
B -1 -1
§ = tan " (X/W) - tan ~(Z2/Y) (B.14)

The expressions for W, X, Y, and 2 can be determined from inspec-
tion of equation (B.11) and are included in the body of the

thesis as equations (5.16) through (5.19), respectively.



234

APPENDIX C

RADIATION PATTERNS USED IN APPLICATIONS OF THE MODELS

The data used to prepare radiations patterns for use by the
CDC 6600 computer were obtained from factory test patterns pre-
pared by the individual manufacturers of the antennas. Patterns
for the standard antenna23, the Hazeltine open array antenna24,

the ARSR-2 beacon feed modification of Texas Instruments25'26,

TI's separate rotator antenna27’28

, and the separate rotator of
Westinghousezg, were tabulated at regular intervals, typically
every one or two degrees. The horizontal patterns used were
those measured at the elevation of the maximum directivity of the
antenna, while vertical patterns were extracted from the ones
measured at an azimuth of 0°.

The radiation patterns used as inputs to the complex simula-
tion model were, for the most part, obtained by regular tabula-
tion of the points in the measured data, and by linear interpola-
tion between the tabulated points. Near the boresight of the
horizontal patterns, however, and in the vicinity of the horizon
for vertical patterns,a least-squares fit to the measured data
was effected in order to preserve the smoothness of the curves in
these critical areas. 1In those portions of the curves that fol-
low where a least-squares fit was used, the individual points to
which the curve was fit are denoted by squares. Generally, the

curves pass through the points, indicating a close fit.
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The plots of radiation patterns that follow as Figures C.1
through C.41 are grouped by antenna manufacturer, beginning with
plots of the standard antenna and its associated omnidirectional
antennas. The standard FA-8043 antenna has both a terminal omni,
called the FA-8044, and an en route omni, the FA-8045, with a
special bracket used for mounting the omni in the top of the
en route ARSR radome. Two plots of each directional antenna in
the azimuthal plane are included. The first is a complete azi-
muth plot from ~-180° to +180°. The second plot is restricted to
cover the region from -12° to +12° in order to show detail in the
vicinity of antenna boresight. Two plots in azimuth for the up-
link (1030 MHz) are followed by the corresponding downlink pat-
terns (1090 MHz). ©Next, the uplink and downlink patterns for
the directional antenna are shown.

Except for the two omnidirectional antennas associated with
the standard FA-8043 antenna, the directional antenna patterns
are followed by their respective omni patterns, first the uplink
azimuth pattern, then the uplink elevation pattern. The FA-8044
and FA-8045 omnidirectional antennas have such uniform patterns
in azimuth that their plots have been omitted. Rather, it is
assumed that the FA-8044 and FA-8045 each have no attenuation at
any azimuth. Downlink radiation patterns for the omni antennas
are assumed to be equal to the uplink patterns. The downlink
patterns are used, of course, in the RSLS investigations. The

last plot is an ideal elevation pattern with no attenuation above
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Figure C.1
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Figure C.3

-180.00 -120.00 -60.0@  0.00

80 .00 120 .00

AZIMUTH ANGLE (DEG)

1090 MHz Aziguth Patt
-180~ to +180

grn, FA-8043 Antenna,

180 .00



239

0.00

-12.00  -8.00 —4.00 a.00 4.00 8.00 12.0Q
AZIMUTH ANGLE (DEG)

Figure C.4 1090 MHz Aziguth Pattern, FA-8043 Antenna,
-12" to +12



| 240

7?.00

4?.00

EG)
4.00

N ANGLE (D
0.00 2

ELEVATIO
-24.00

-48.00

-72.00

-36.00  -30.00 -24.00 -18.00 -12.00 -6.00 0.00
RELATIVE AMPLITUDRE (DB}

Figure C.5 1030 MHz Elevation Pattern, FA-8043 Antenna



ao

241

-36.00

Figure C.6

-30.00 -24.00 -18.00 -12.00  -6.QQ

RELATIVE AMPLITUDE (DB)

1090 MHz Elevation Pattern, FA-8043 Antenna

g.QqQ



242

-36.00 -30.00 -24.00 -18.00 -12.00  -6.00 Q.00
RELATIVE AMPLITUDE (DB)
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Figure C.12

-8.00

-1.00 a.00 4.00
AZIMUTH ANGLE (DEG)

-127 to +12

8.00

1090 MHz Azimgth Pattsrn, Hazeltine Antenna,

-
l2.0d



GJ
il

E
4.

N ANGLE (O
0.00 2

ELEVATIO
-24 .00

-48.00

—72 GUU

248

Figure C.13
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Figure C.17
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Figure C.19
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Figure C.29
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Figure C.30
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the horizon, but 36 dB attenuation below the horizon.

The next series of plots includes those used as inputs to
the simple flat-earth model. The plots, therefore, are of the
elevation patterns only. As previously, the patterns are grouped
according to the manufacturer of the antenna, beginning with the
standard FA-8043 and its omnis. There are thus four standard
antenna plots, two for the directional patterns (uplink and down-
link), and one for each of the two omnis (uplink only). Since
RSLS is analyzed using the complex spherical-earth simulation
model,  the downlink patterns for the omnis are unnecessary as
input to the simple model.

Figures C.42 through C.57 are obtained from the patterns
used in the complex simulation model. The complex patterns are
sampled at 0.l-degree intervals, and the resulting points used to
initiate a least-squares fit according to the procedure of
Appendix A as described in Chapter 4. The fit is performed over
the interval from -5° to +5° to ensure an analytic expression
that fits the empirical data closely, and also because most of
the coverage gaps of interest lie in the region from the horizon
to approximately 5° above it. The least-squares fit for these
curves is made to satisfy the closed-form equation requirements
of Chapter 4 rather than to provide an accurate means of interpo-
lation. As for the curves plotted for the complex simulation
model, the following curves involve the plotting of a square sym-

bol for the point, and a line for the least-squares approximation.
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